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O ■ Abstract 
(N ; 

^1 Author reduces the Minkowski problem to the problem of construction the G-deformations 

I preserving the product of principal curvatures for every point of surface in Riemannian space. G- 
deformation transfers every normal vector of surface in parallel along the path of the translation for 

■ each point of surface. The continuous G-deformations preserving the product of principal curvatures 

. of surface with boundary are considered in this article. The equations of deformations which are 

I obtained in this paper reduce to the nonlinear boundary- value problem. The method of construction 

Q I continuous G-deformations preserving the product of principal curvatures of surface with boundary 

^ ' and its qualitative analysis are presented in this article. 
» . 

L^; Introduction 

I ■ 
> • 

0\ [ The Minkowski problem (MP) is well known fundamental problem of differential geometry. 

I There have been published a number of articles on this subject since 1903. But all authors 

' have studied this problem in Euclidean or pseudo-Euclidean spaces. They were H. Minkowski, 

00 ■ A.V. Pogorelov, A.D. Aleksandrov, W.J. Firey and many others. We know many 

^ , generalizations of the MP in Euclidean and pseudo-Euclidean spaces. 

Q ! V.T. Fomenko [21] studied the MP by the methods of deformation theory in Euclidean 

^ I space. 

IT^ I The MP in Riemannian space differs substantially from the MP in Euclidean space. The 

j_| ■ MP in Riemannian space is much more complicate than the MP in Euclidean space. 

. i Author of this article created for the first time the method of finding solutions of the MP 

in Riemannian space using deformation theory. 

Author have studied AG-deformations in Euclidean spaces in [1-16]. It was very hard to 
obtain the equation system of AG-deformations in Riemannian space and much harder to 
solve it. V.T. Fomenko in [24] studied infinitesimal ARG-deformations in Riemannian space. 
The methods developed in [1-16] are very useful for finding the solution of the Minkowski 
problem. 
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§1. Basic definitions. Statement of the main result. 

Let be the three-dimensional Riemannian space with metric tensor S^^, F be the two- 
dimensional simply connected oriented surface in with the boundary dF. 

Let F e C^'", V e (0; l),m > 4, e C'^^+i-'^. Let F has all strictly positive principal 
curvatures k\ and A;2- Let F be oriented so that mean curvature H is strictly positive. Denote 
K = kik2- 

Let F be given by immersion of the domain D C E"^ into by the equation: y'^ = 
f"{x),x E D, f : D ^ 7?'^ Denote by da{x) = ^/gdx^ A dx^ the area element of the surface 
F. We identify the points of immersion of surface F with the corresponding coordinate sets 
in R^. Without loss of generality we assume that D is unit disk. Let x^, x^ be the Cartesian 
coordinates. 

Symbol denotes covariant derivative in metric of surface F. Symbol di denotes partial 
derivative by variable x*. We will assume / = ^. We define A(/) = f(t) — /(O). 

Indices denoted by Greek alphabet letters define tensor coordinates in Riemannian space 
R^. We use the following rule: a formula is valid for all admissible values of indices if there 
are no instructions for which values of indices it is valid. We use the Einstein rule. We assume 
that integer mi satisfies the condition < rui < m ~ 2. 

We consider continuous deformation of the surface F: {F^} defined by the equations 

< = + z'^it), z^(0) = 0,te [0; to],to > 0. (LI) 

Definition 1 . Deformation {F^} is called the continuous deformation preserving the product 
of principal curvatures ( or M— deformation [21]) if the following condition holds: A(i^) ~ 
and z'^{t) is continuous by t. 

The deformation {F^} generates the following set of paths in R^ 

^/°o(r) = (y°o + ^"°(T)), (L2) 

where ^""(0) = 0, r G [0; t], t G [0;to],^o > 0. 

Definition 2 . The deformation {Ft} is called the G— deformation if every normal vector 
of surface transfers in parallel along the path of the translation for each point of surface. 

Let, along the dF, be given vector field tangent to F. We denote it by the following 
formula: 

v'^ = IXi- (1-3) 
We consider the boundary-value condition: 

aa/3-2V = 7(s,t),seaL>. (1.4) 

Let f and 7 be of class C'"^-2>'^. 
We denote: 

~Xk = ~aapy%v^k = 1,2. (L5) 
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Xk^^ — ,A; = 1,2. (1.6) 

(Al)2 + (A2)2' ^ ' 

X{s)^Xi{s)+iX2{s),sedD. (1.7) 
Let n be the index of the given boundary- value condition 

-^AgneiTgXis). (1.8) 

Theorem 1 . Let F e 0""'",^ e (0;l),m > 4, dF e 0""+^'". Let d^p G C™'^ 3Mo = 
const > such that \\aa/3\\m,u < Mq, \\daai3\\m,iy < Mo, \\d'^ < Mq. Let v^,'y e 

C"^~'^'^{dD), 7 is continuously dijferentiable by t. Let, at the point (a;(Q-), x^q^) of the domain 
D, the following condition holds: \/t : z'^(t) = 0. 
Then the following statements hold: 

1) if n > then there exist to > and ^(to) > such that for any admissible 7 
satisfying the condition: \'y\m-2.u ^ ^ for all t G [0,to) there exists (2n — 1)— parametric 
MG— deformation of class C™^^'''(Z)) continuous by t. 

2) if n < then there exist to > and £{to) > such that for any admissible 7 
satisfying the condition: \'y\m-2,iy ^ ^(^o) for all t G [0,io) there exists nor more than one 
MG— deformation of class C"^^^'''{D) continuous by t. 

3) if n = then there exist to > and e{to) > such that for any admissible 7 satisfying 
the condition: \'y\m-2,iy ^ £ for all t G [0,to) there exists one MG— deformation of class 
(jm-2,u^£)-^ continuous by t. 



We denote: 

da/sit) = dapiy" + z''{t)), 00/3(0) = dap. 
Tl^{t)^Vl^{y'^ + z^{t)),Tl,{Q)^Tl,. 

hj{t) = kjiy'^ + z^{t)), k,{0) = h,. h{t) = b{y^ + z^{t)), 6(0) = b. 
Qijit) = Qijiy'^ + z'^it)), QijiO) = Qij. g{t) = giv'^ + z''{t)), g{0) = g. 
a^{t) = a\c{t) = c, z^it) = z". 



§2. Deduction of G— deformation formulas for surfaces in 
Riemannian space. 

The deformation {Ft} of surface F is defined by (1.1). 
We denote: 

^'^(^) = a^■(^)l/^,+c(^)n^ (2.1) 

where a^ (0) = 0, c(0) = 0. Therefore the deformation of surface F is defined by functions 
and c. 

We denote: 

v*z" = ^;? + r°,(o)zVn- (2.2) 
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Then we have (see [27]): 

V*^" = {a% + c,j )n" + {a\j -cb^mGny'^n (2.3) 
The condition of G— deformation is equivalent to the following equality: 

<;3Ar°W^^ = 0, (2.4) 

where A*"°(t) is the result of parallel translation of tensor (|/"° + z'^°{t)) from the point 
(l/"° + 2;"f'(t)) to the point (y"") along the path of the translation for each point of surface 
by deformation, i.e. along the following curve: 

xi°o(r) = (y"° + ^"o(T)), (2.5) 

where z""(0) = 0, r G [0;t]. 

Then parallel translation of tensor |/"° + z'f{t) reduces to the following Cauchy problem: 
find A"°(i, r) satisfying the equations: 

' + (r)i^(r)^7(i, r) = 0, ao = 1, 2, 3, r e [0; t] , (2.6) 

with initial boundary value conditions: 

Ar(t,t)^yf + zf(t). (2.7) 

We denote: 

t 

^(1)70 (t, r)^l r^:,„ (ro)i'^° (ro)dro. (2.8) 

T 

For k > 2 we denote: 



t t 



k-l 



^w,,Jt,T) = J J... J (n r';^,^{Tj)z^^{T,))dTodn...dn^,. (2.9) 

T To Tk-2 

and for J > 1, /c > 2 we assume 

a,^7,-i- (2.10) 
Lemma 2.1. The following inequalities hold: 

Pa)7o(^'^)ll™-- ^ ^l|r|lS,.PIlS,.'^ e [0;t]. (2.11) 

P(;°ho(^'^)ll-.^ ^ ^'(l|r|lS,J'(PllS,.)'>^ e [0;i]. (2.12) 

The proof follows from aspects of A'^^^^^^{t, r). 
Lemma 2.2. Let the following conditions hold: 

1) metric tensor in satisfies the conditions: 3Mq = const > such that \\da/3\\m,iy < 

Mq, \\ddai3\\m,u < Mo. 
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2) 3to > such that c{t),c^i{t),a''{t),dia''{t) are continuous by t,\/t e [0,to], c(0) = 
0,c,(0) = 0,a'=(0) = 0,9,a*^(0) = 0. 

3) 3to > such that z''{t) e C""-"^'", z^^^t) e C""-^'", e [0,to]. 

Then there exists > such that\/t G [0, t*) exists the unique result of translation 

in parallel of the tensor (y""" + z'^^it)) from the point (y"" + z"-°{t)) to the point {y""^) along 
the path of the translation for each point of surface by deformation. A*°'" (t) has the following 
representation 

oo 

Ant) = yf + zf{t) + Y.{y:r + w)^(.v-i(^' o)- (2.13) 

fc=i 

A*'^°{t) is of class C"^^"^'^ and continuous by t. 

Proof. Finding the result of translation in parallel of the tensor along the given curve 
brings to the Cauchy problem of differential equation system. Using the methods represented 
in [19, p. 56] we reduce the differential equation system to the integral equation system which 
is resolved by the method of successive approximations. 

The null approximation is: 

Al^^^t)^yf + zf{t). (2.14) 
The p— th (p > 0) approximation of Cauchy problem is: 

^S(^) = y? + ^7^) + iliy'r + ^7-'ii)Wi^),,Jt, o). (2.15) 

fe=i 

Taking into account that C"*'^ is complete normed space, lemma 2.1. and using reasonings 
that are similar to the ones from [19, p. 56] for solution of this Cauchy problem we get the 
proof of lemma 2.2. 

Lemma 2.3. Let the conditions of lemma 2.2 hold. Then there exists > such that 
\/t e [0,t*) the following holds: 

oo oo 

Ant) = zfit) + E i7"{t)A-^),,jt, 0) + Y^iy^r + ^^-'imt^.^jt, o). (2.16) 

k=l k=l 

A*°'°{t) is of class C"^'^'" and continuous by t. 

The proof follows from the rules of termwise differentiation of functional series, lemmas 
2.1., 2.2. and the properties of space C"^"^''^. 

Let obtain the equations of G— deformation and transform them to the appropriate for 
our method form. 

We denote a = ^k-i- Then we have: 

00 

A*°°(^) = y? + ^7 W + {y:^ + z%t)) ^ A^^^^it, o). (2.17) 

k=l 

We denote: 

v:^"°(t) = zf{t) + T^Myy^'it)- (2.18) 
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We can write (2.17) in the following form: 

Ant) = vT + zfit) + r'^p:Myy°it)+ 

oo 

iy:^ + 0) - r^oV(o)i/ -^^"(t) + {y:^ + z%t)) A^^^^t, o). (2.19) 

k=2 

Inserting (2.18) into (2.19), we get: 

A*"°(^) = yf + v:^"°(t) + z%t)Ai^^St^ 0)+ 

oo 

y%A'^)At^ 0) - T2Mz'\t)) + (y,'j + z^it)) E 0)- (2-20) 

k=2 

Therefore we can write (2.20) as: 

oo 

A*"°(^) = y? + ^Iz^'it) + z%t) y: A^°^^{t, 0)+ 



oo 



y^A^^t, 0) - r^,V(o)^^°(i)) + y:, E ^r^V(^' 0)- (2-2i) 

k=2 



We denote: 



oo 

^riV(^,0) = E^(.V(^'0)- (2-22) 

fc=l 

oo 

'5r2V(^'0) = E^W.(^'0)- (2-23) 



k=2 



Using (2.22), (2.23) from (2.21), we obtain: 

Ant) = y7 + v*^""(^) + z%t)S'^y{t, 0)+ 

?/:i(^riV(^' 0) - r^o°.(o)^* w) + i/:i'5("2V(^' q)- (2-24) 

We denote: 

s'^^.it, 0) = i/,'j(A^iV(^' 0) - r^o.(o)^*(t)) + y:^s^)^t, o). (2.25) 

From (2.24) and (2.25) we get: 

^'^^{t) = yf + Vtz-^li) + z%t)S'^^^{t, 0) + 5("3°),(i, 0). (2.26) 
From (2.1), we get: 

(t) = a^, y^,- +c,, n'^ + a^i/,';. , + cn"^,. (2.27) 
Inserting (2.27) into (2.26), we have: 

A*"°(^) = yf + V*^"«(t) + 5("4,(t, 0) + (a^, +c„ n'^)S^^^{t, 0) + 
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{a?y:,, + cn^S'^^{t,Q). (2.28) 

We denote: 

0) = S'^§^,{t, 0) + {a^yl, + cn^dS'^^^it. 0). (2.29) 
Insertion (2.29) into (2.28), we obtain: 

W = yf + V:^"°(i) + ^(7),(i, 0) + (a^, +c,, rf)S'^^^{t, 0). (2.30) 
Consider the following formula: 

a\i=di{a^) + T'^d'. (2.31) 
Then, form (2.30) and (2.31), we have: 

A*""(^) = y? + ^>"'it) + +c„n'^)5("iV(t,o)+ 

'^r^.l^, 0) + r^,a^r„- -^aVl^, 0). (2.32) 

We denote: 

0) = ^("4,(t, 0) + r^,aV„ ^riV(t, 0). (2.33) 

T„"<>(tO)=n'^5[lV(^'0)- (2.34) 

T^it, 0) = 5(7^,(t, 0), i = 1, 2. (2.35) 

Using (2.33), (2.34) and (2.35), we can write (2.32) in the following form: 

= y? + V*^"«(t) + c„ To""(t, 0) + d,{a^)T^\t, 0) + S'^^,{t, 0). (2.36) 
For G— deformation the following condition holds: 

<^„Ar°W^* = 0. (2.37) 
Insertion (2.36) into (2.37), we have: 

d,{a^)~ao^,^,Tp{t, 0)n* + </3o^(T).(^, 0)n'^°. (2.38) 

We denote: 

N^{t, 0) = ~aa,p,Tp{t, 0)n^°,j = 0, 1, 2, 



g.(t,0) = <^,5("4,(t,0)n^°. (2.39) 



Then the equations of G— deformation are: 

a%i + (1 + Noit, 0))c,i +dia^Nj{t, 0) + Qi{t, 0) = 0, i = 1, 2. (2.40) 
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§3. The estimations of norms. 

We denote: 

l'S'(p) llmi,!^ = maXcy^o- 0)||m^,j.,p = 1,2. 

= max„„, \\S^';,it,0)\U,.,l = 3,4,5. 

\T\\^nl,u = max«oj=o,i,2 \\T^°{t,0)\\m,,u- 
l^ll^^l. = max,=o,i,2||iV,(t,0)|U,,.. 
|g||W , = max,||g,(t,0)|U,,,. 
Lemma 3.1. The following estimations hold: 



1) \\Sii) 

2) 11^(2) 

3) II '5(3) 

4) \\S{A) 

5) 11%) 



(t) 

mi,u — .^/c=i v II \\m-i,v W" \\m\,v J 

(t) / y-oo (f\\-r\\{t) |U||(t) ]k 

m,i,u — ^k=2\ \\ \\mi,iy\\ \\mi,uJ ' 

w < iiziiw f^iiriiw iiziiw 1*^ 

mi,j^ — -'^ ''11^ II mi,!/ II ^ \\rni,u ^ Z^fc=2l''l|-^ llmi,i/ II ^ llmi,i//' • 

mi,j/ — 11*^(3) II mi, 1/ ^^-'9||^||mi,j/ll'^(l)llmi,i/- 



< v?° -.ffiiriK*) IlillW 

,1/ — Z^A;=ll''l|-^ llmi ,i/ll^ llmi , 



< 11^)11^^1. + Mio||%)||(^l 



6) ||T||W^,<Mn||S(i)llW 



Imi.j/ — II I, "ij II mi, J/ ' i^'J W (i^ ) W mi ,1/ ' 
ij \\ini,u 

V \\N\\^X. < Mu\\S^,M,.- 

The proof of lemma follows from the forms of estimated functions and properties of norms 
in the space C"^^''^, 

Lemma 3.2. Let the following conditions hold: 

1) metric tensor in B? satisfies the conditions: 3Mo = const > such that ||aa/3||m,i/ < 

< Mo. 

2) 3to > such that c{t),c^i{t),a'^{t),dia'^{t) are continuous by tyt G [0,io], c(0) = 
0, Ci{0) = 0, a'^(O) = 0, aia^'(O) = 0. 

's) 3to > such that z''{t) E C'^-'^''' , z%t) G C™-3'^, Vt e [0,to]- 
Then Ve > 03to > such that 

1) ||%|£U. <£,V^e[0,^o],^ = T;5. 
^;i|r||S-2,. <£,Vte[0,io]. 
5;i|A^||S-2,.<£,Vte[0,io]. 

IIQIlS-2,.<£,Vie[0,io]. 

The proof of lemma follows from the forms of considered functions and properties of the 
space C^'^ and previous lemmas. 

§4. Transformation of the G— deformations equations. 

We introduce conjugate isothermal coordinate system where ha = V,i = 1,2, 612 = 621 = 0. 
Then we have the equation system from (2.40): 

c,i (1 + No) + Va' + Nkd^a^ + Qi = 

c,2 (1 + iVo) + + iVfcSaa'^ + g2 = (4.1) 
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We differentiate the first equation by x^, the second one by x^, and subtract from the 
first equation the second one. Then we obtain: 

Vd2a^ - Vd^a^ + Cid2No - c^diN^ + d^o!'d2Nk - d2a^d^Nk+ 

d2Va^ - diVa" + d2Qi - diQ2 = 0. (4.2) 

We denote 

*i = -{cid2No - C2diNo + dia'd2Nk - d2a^d^Nk + d2Qi - d^Q2)/V. (4.3) 
Then, from (4.2) and (4.3), we have the following equation: 

^sa^ -^la^+p^a*^ = ^1, (4.4) 

where pi — d2{lnV),p2 — — 9i(ln V^). Note that pk do not depend on t. 

Differentiating the equation (4.4) by t we obtain the following equation: 

92d^-9id'+Pfca*^ = ^i. (4.5) 

§5. Solution of the equation system (4.1): 
finding function c on functions d\ 

We will solve the equation system (4.1) assuming that functions and are given. Note 
that Nk, Qi depend only on c, c, a\ d*. Function V does not depend on c, a*. We will use the 
following formulas. 



t 

c{x\ x^, t)^ J c{x\ x^ T)dT, {c{x\ x^, 0) = 0). (5.1) 





t 

a\x^,x^, t) = j a\x^,x^, T)dT, {a\x\x'^, 0) = 0). (5.2) 



For functions we will use the following formula: 

t 

a'Jx\x\t) = f d\{x\x\r)dr,{a'Jx\x\0) = 0). (5.3) 





Formulas (5.1), (5.2) and (5.3) establish the connections between functions c, a' and c, d\ 
It means that if the functions c, d' are found then the functions c, a* are found also. 

Therefore we pass on to the new equation system (5.4) where there we will consider 
functions c,d\c^i,aj. We differentiate the equation system (4.1) by t and get (5.4). Note 
that Nk,Qi,Nk,Qi, depend only on c,c,a\d^ and therefore depend only on c,d\ We can 
show this by differentiating N^, Qi by t. 
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Then we obtain equation system for c. 



dt[ (l + No) ) 



'^'^-dt[ iiTW) J ^'-'^ 

We can present equation system (5.4) as following: 

Then we transform (5.5) into integral equation relative to function c. Let I* be arbitrary 
admissible curve in D starting at the point (a^(o) , 3;^o) ) given by the equations — 
x^{s),x'^ — x^{s). Then we have the following equation. 

c{x^,x^, t) — 



(^(O)'^(O)) 



(1 + A^o) (1 + A^o)' 



(l + A^o) (1 + A^o)' 



j (^Va}^dx^ +{-Vci^dx' (5.6) 



(^(O)'^(O)) 

Then the equation (0.6) along /* takes the form: 

c{x^^ x^, t) — 

-Vd}N^ + Nkd^a'' + Nkdra}' + Qi , Noiya} + iV^^ia^^ + Qi) \ , ^ , 



V (1 + A^o) (1 + A^o)' 

( -Vd''No + Nkd2d'' + Nkd2a'' + Q2 , NojV'^^ + Nkd2a' + Q2) \ 2'. .A , . , 
V (l + No) + (1 + iVo)^ J"^ {sl)Jdsl+ 

j (-Vd\sl)x^\sl) - Vd\si)x'^'{sl)\ dsl. (5.7) 
^ ^ 

The equation (5.7) is nonlinear integral equation. We will show that (5.7) has unique 
solution of class of continuous functions for any continuous functions d* and dpd\ 
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The equation (5.7) takes the form c = La{c) + 74, where operator La has explicit form. 

7^(s) = j (-Vd\sl)x^'{sl) - Va\si)x^'{sl)\dsl. (5.8) 
^ ^ 

Therefore every pair of functions d* G (jrn-2,u corresponds to the unique function c G 
(jm.-2,v therefore to the unique function c £ (7"^-2,j^ . 
t 

c{x^,x^, t) = f c{x^,x'^, T)dT, {c{x^,x^, 0) =0). 



Then the equation along /* takes the form: 

c{x\x\t)= j(^Ka{si,c{si))^dsi + 'yt{s), (5.9) 

where 

Ka{si,c{si)) = 

11 + — oTi^o? — r ^''^^ 

I OTlVo^ + Y ^^'^J- ^'-'^^ 

We denote: 

L„(c) = 1 |^X„(si,c(si))jcisi. (5.11) 

We will investigate the decidability problem of the equation in the space C"^~^'^{D): 

c^La(c)+^f (5.12) 

We will solve equation (5.12) by the method of successive approximations. 
Lemma 5.1. Let the following conditions hold: 

1) metric tensor in satisfies the conditions: 3Mo = const > such that ||aQ,/3||m,i/ < 

< Mo. 

2) 3to > such that a!^ {t) , dio!^ {t) , d^ {t) , did^ {t) are continuous by t,yt G [0, ^o], a*^(0) = 
Q,dia''{0) = 0. 

3) 3to > such that a\t) e C'"-^'^, 4a^(t) G C'"-^'^, Vt G [0,to]. 

Then 3t* > such that the equation c — La{c) + jt E [0,t*]. has unique solution of 
class C'^~'^'^ continuous by t. 
Proof. 

We construct the sequence of functions {c^''^}: we find function c^^^ from the equation 



\x\t) = J (^-Vd\sl)x''{sl) - Vd\si)x^'{sl)jdsl, (5.13) 
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we find function c^^\ k > 1 from the equation 

cW = L„(c('=-i))+7,. (5.14) 
The sequence of functions {c^*^^} is determined uniquely and functions c^'^^ are of class 

We will show that the sequence of functions {c^^^} is bounded in the space C™^^''^(Z)). 
For any e > there exists > such that for all t G [0, to) the following inequality 
holds: ||c*^'^''||m-2,i/ < This inequality is proved by the method of mathematical induction. 
Therefore the sequence {c^*^-'} is bounded in the space C'^~'^'^{D). 

We will show that the sequence {c^''^} is convergent in the space C'^~^''^{D). Consider 
the equations: 

cW = L„c(^')+^^^ (5.15) 
c^'^+i) = L„c('=+^) + 7t. (5.16) 
Subtracting from the second equation the first one we obtain the equation: 

Using the explicit form of La we have the estimate: 

_ cW||^_,,^ < X3(t)||c« - c(^-^)|U_2,., (5.18) 

where we can choose to such that the following condition holds K-i(t) < 1 for all t G [0,to)- 
Then the sequence {c*^'^^} is Cauchy sequence in the space C™'~'^''^{D) and therefore is 
convergent since the space C'^~'^'^{D) is complete. 

We will show that obtained solution is continuous by t. We have: 

citi) - C{t2) = La{c{h)) - La{c{t2)) + 7ti " 7t2- (5-19) 
Then there is the estimate: 

\\c{h) - c{t2)\\m-2,. < Sl{ti,t2) + 62{tut2)\\c{h) - 0(^2) |U-2,., (5.20) 

where function Si converges to zero if \ti — ^2! converges to zero. Function 52(^1,^2) is such 
that for any A'" > we can choose such to > that for any ti and ^2 G [0, to) the following 
inequality holds |52(^i,^2)| < N. Therefore we obtain the continuity of solution. 

We will show that the equation c = L^c + 7^ has unique solution of class C^~^'^{D) for 
all sufficiently small t > 0. Let there exist two different solutions C(i), C(2) of class C"^~^''^{D). 

Consider the equations: 

C(i) = LaC(i) + 7t, (5.21) 
C(2) = -^aC(2) + 7t- (5-22) 
Subtracting from the second equation the first one we obtain the equation: 

C(2) - C(i) = I>a(C(2)) - ^a(C(l)). (5.23) 
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Using the explicit form of La we have the estimate: 

||C(2) - C(i)||m-2,i/ < Kir{t)\\C(2) - C(l) ||m-2,i/- (5.24) 

We can choose to such that the following condition holds Kn{t) < 1 for all t e [0,io)- 
Therefore we have contradiction. Therefore C(i) = C(2) for all sufficiently small t > 0. 
Lemma 5.1. is proved. 

Since curve /* is arbitrary admissible in D therefore the equation (5.4) is solvable uniquely 
for any continuous functions and dpa\ 

Corollary. Let the conditions of lemma 5.1. hold. 
Then the function c takes the form: 

c(x^x^^)= j {-Vd^\dx^+{-VdAdx^ + P{a},a^), (5.25) 

and for P the following inequality holds: 

||P(d(i), d(i)) - P(d(2), d(2))IU-2,i/ < -f^8(^)(||a(i) - d(2) |U-2,i/ + ||d(i) - d(2) |U-2,i/), 

where for any £ > there exists to > such that for all t e [0, to) the following inequality 
holds: Ks{t) < e. 

The proof follows from construction of function c. 

§6. Deduction the formulas of deformations preserving the 
product of principal curvatures. 

§6.1. Deduction the formula of A(p). 

Consider the following 

A{g) = gt-g, (6.1.1) 

where gt is determinant of the first fundamental form matrix of hypersurface Ft. 

We will calculate A{gij). Deformation {F^} of surface F is defined by the formula (1.1). 
We will use (2.1), (2.2), (2.3), where 

a^(0) = 0,c(0) = 0. (6.1.2) 

Notice that deformation of surface F determines by the functions and c. 

Let aap{t) be metric tensor of Riemannian space at the point {y'^ + -z'^(t)), CLapit) = 
aadiy" + {t)) , aa/3(0) = aaiBiy"). ciaff = da/3(0). The designations and Vaa,i3{^) mean 

that the Christoffel symbols are calculated at the point (y^). 

A((7.j) = d„^(t)(|/"„ +^"n )(/„ +z^, ) - d«;3(0)|/^,/,^ . (6.1.3) 
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Then we obtain: 

A(^,,.) = (5,^(0) + ^(0)z-)(y"„ )(/,.■ +^^.-) - Sa;3(0)y^,/„ + 

Mt)-~aam - ^(0)O(y",,+z",0(/,. +^^. )- (6.1.4) 
Therefore we have: 

A(ft,) = aapmy'^n +^"» +'2^.- ) - «a/3(0)2/"„ + 

dy 



^(0).Vn/.. (6.1.5) 

Hence we have: 

A{g,j) = a,^(0)(y",,/,,. + ^(0)^V,^/,.-+«a/3(0)^",,^'^„- + 

Mt) - d^m)iy"n +^"n )(/„ +;^^, ) - ^-^{^Vv'^n . (6-1.6) 



Consider the formula: 

?(o) = r,,,,;3(o) + r;3,,„(o) = ~a,pViM + a^ar^,(o). (6.1.7) 



<9y 

where raCT,/3(0), r^o.(0) are calculated at the point (y'^). 
Then we obtain: 

^(0)z'^?/«„/„- = a^;3r2:,(0)zVn/,i +a^ar^.(0)^'^?/^,/„- . (6.1.8) 

We change the positions of indices a and 7 in the first term in the right part of the 
equation (6.1.8) and we also change the positions of indices /? and 7 in the second term. 
Therefore we have: 

^(0)^'^?/^, /„■ = ~a^pV^^M^'^y\i +aa/3r?,(0)z'^y^, y^,- . (6.1.9) 
Considering the following formula (2.2) we have: 

A(5,,) = aa/3(0)?/^^ + aa^O)/,,- V*^" + (a„^(t) - a„^(0) - ^(0)^^)^",, /„• + 

(a«^(t) - 5a^(0))(|/"„ 2;^, 2;^, ) + 5„^(t)2:^, . (6.1.10) 
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Then we obtain: 



2(a,^(t)-a,^(0))^Vn^^i+aa/3W^'''^"n^'',i- (6.1.11) 

Denote: 

W, = Mt) - ~a^p{0) - ^(0)z^)g^^y-,^y^,^ + 

2{d^p{t) - d^p{OWy'',i z^,j +~aap{t)g''z",i z^.j . (6.1.12) 
Using the properties of determinant we have: 

l^{g)^gg'^l^{gi^)+W2. (6.1.13) 

where 

W2 = A(^n)A(^22) - (A(^i2))'. (6.1.14) 
Then the equation (6.1.2) takes the form: 

A((?) = 2gg'^~a^py'',, V]z^ + gWi + W^. (6.1.15) 

Using the equation (6.1.3) we write the equation (6.1.15) as: 

^ = a'„-c6,„,"- + ^ + ^. (6.1.16) 

Using the formula di{\n = Tjj, where T^j are the Christoffel symbols for hypersurface F 
in the metric gij and formula of mean curvature 2H = g^"^bim we write the equation (6.1.16) 
as 

^ = d^iVga^) - 2HcVg+ ^ + ^. (6.1.17) 

The equation (6.1.17) is required equation for functions a* and c, determining continuous 
yl— deformation of hypersurface F. 
Equation (6.1.17) takes the form: 

^ = d,a' + d2a^ + a'di{\n^) + a^d2{ln^) - *2, (6.1.18) 

where 

m^ = 2Hc- (6.1.19) 

2 2^ ^ ' 

Then we obtain: 

A(^) = 2g{d^a^ + 820" + g^a*^ - ^2), (6.1.20) 

where 

gi = di{\n^),q2 = d2{\n^). (6.1.21) 

Note that do not depend on t. 

Equation (6.1.20) determines A(gi) for deformations of surface F in B?. 
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§6.2. Deduction the formulas of deformations preserving 
the product of principal curvatures. 

Deformation {Ft} of surface F is determined by (2.1). We will deduct the formulas of 
changing of the second fundamental form determinant. 

The condition of preservation the product of principal curvatures takes the following 
form: 

A(^) = |a(6). (6.2.1 
A{b) = bb'^A{bij) + wi^'K (6.2.2 

We have the formula: 

A{K) = ^(A(5) - f A(6)), b{t) = b + A(6). (6.2.3 
We introduce conjugate isothermal coordinate system where 

bu = i = 1, 2, 6i2 = &21 = 0, b'' = 1 i = 1, 2, b'^ = = 0. (6.2.4 
Then we have: 

A(6) = V{A{bn) + A(622)) + W^, (6.2.5 

where 

= A(&n)A(622) - (A(6i2))'. (6.2.6 

Therefore the condition of preservation the product of principal curvatures takes the 
following form: 

A(^) = |,(A(6n) + A(622)) + ^W^'l (6.2.7 
We have the following formula: 

bij{0) = -a„;j(0)y;^V*n^(0). (6.2.8 

bij{t) = -dapUM + ^")V*n^(i), (6-2.9 

where fi^(t) is unit normal vector at the point (|/° + z°'). 
Then we obtain: 

bM = -~aap{tM + + Kai^M + (6-2.10, 

Let n^{t) be result of parallel transfer of unite normal vector n^(0) to the point (y^ + z" 
along the path of translation by deformation. Therefore we have the following formula for 
all sufficiently small t: 



n'^(i) =n"(0)+n'^(0)^Af,),(0,i). (6.2.11) 
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Use the following formula: 



Denote: 



(6.2.12) 



\n{t)\\ = ^~a^,„,{t)n-^{t)nPo{t). 



Then we have: 



Using the formulas (2.27) and (2.31) we obtain: 

-a^f,{t)z'^,V*nf'{t) = -~a^f,mia'')y'',kV*nf{t) + Ml., 

where 

M^. = -a„;3(t)(r>V,fc+Cnn'^ + ay,,, + m;^)V*n'^(t). 

Then we have: 

~aa0{m{a^)y\ky]h''{t) + a«^(0)a,(a^)2/",fc V*n'^(0) + M^., 

Define: 

Ml = -aa;3(i)9i(a'=)y",fe V*n^(t) +a«;3(0)a,(a'=)y",fc V>^(0) + M^.. 
Consequently we get: 

-~a^p{t)z'^V*nP{t) = -a,^(0)a,(a'=)y",fe V*n^(0) + Mj. 

We use the following equation: 

V>^(0) = -h,kg%. 

Then we obtain: 

-~a^p{t)z'^V)n^{t) = di{a!')hjk + MJ. 
Using the fact 612 = we have: 



-~a„p{t)zlVlfi^{t) = Vdi{a^) + M\ 
-da/3{t)z%V;n^{t) = Vd2{a'') + M 



2 

115 



22- 



We have the expression: 



¥m. 



17 



Andrei I. Bodrenko. 



Then we obtain: 



Consider the equation: 

-~aaf,{t)yy*n^{t) = -~a^^{t)y'^Vy{t) (p|^) - «aM^)z/,>^(^) (p5)|) ; (6.2.26) 
Consider the formula: 

vy{t) = 4{t) + rf^^MM + O^it)- (6-2.27) 

Then we have: 

= 4{t) + r2.(o)y>^(t) + (rJ^W - r^,M)y>^{t)+ 

r2.(0)^^'^(t) + (r2.(t) - KM)z^^n^{t). (6.2.28) 
We will use the following formula: 

oo 

n^(t) =n^(0)+n'^(0) ^4)^(0, t). (6.2.29) 

k=l 



Denote: 



oo 

^^(i) = n'^(0)$: 4)^(0, i), (6.2.30) 

k=l 

oo 

Af(i)=n'^(0)E<).(0,^). (6.2.31) 

k=2 

We use the equation: 

nf'it) = n^{0) + n^(0)Af,)^(0, i) + Al{t). (6.2.32) 

We have: 

n^jit) = ^5(0) + ri^(0)4).(0, t) + n-(0)4),_,(0, i) + <.(i). (6.2.33) 



Hence: 



V>^(i) = 4(0) + n:;.(0)4),(0, i) + W^mUaA^, t) + Ai^{t)+ 

rg.(o)yX(o) + r2,(o)y>'^(o)A[i),(o, i) + rg,(o)y:;.A5(t)+ 

Kit) - rJ.(o))y,>-(o) + (rj,(t) - rJ.(o))i/,^.Ai(t)+ 
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r2.(o)^>-(o) + vlMz^^A\{t) + {vl{t) - vlMKn^{t)- (6.2.34) 

Denote: 

Tf = n^.(0)4),(0, t) + Ai,{t) + rj.(0)y>-(0)>l[,),(0, + rJ,(0)y^.A^(t)+ 

(r2r(t) - r2.(o))t/>^(o) + {Tl{t) - Tlmy'^Ai{t)-r 

Kri^K^lit) + (r^rW - r2r(0))^>^W. (6.2.35) 

Then we get: 

(t) = n3(o) + r2.(o)y^.n^(o) + ^'^(0)4)^^^.(0, t) + r2,(o)zj;.n-(o) + If = 

V^'^IO) + rfm^^.i^. t) + r2,(0)^>^(0) + 7f . (6.2.36) 
Consider the expression: 

-~a^p(t)y^:^y{t) = -~a^p{Q)y'^Vy{t) - {a^p{t) - a«^(0))t/°V*n^(t) = 

~aamy7^3kg% - «a/3(o)y:?(n'^(o)Afi),,,.(o, t) + r2,(o)^>-(o))- 

-aaMv'^Tf - Mt) - ~a^f,{0))y'^Vy{t). (6.2.37) 

Then we obtain: 

-~a^p(t)y';^V*y(t) = bj, - a«;j(0)y,'?(n'^(0)4),^ .(0, i) + r2,(0)z>-(0))- 

a„;3(0)|/;^Tf - (aa^(t) - ~ac.fs{0))yyy{t). (6.2.38) 



Therefore: 



-a«^(t)y,'JV*n^(t)^ ^ 



n(t)||, 

(^^tmI - ^"/^^0)^.'^(^''(0)Af,),_^.(0, t) + r2,(0);.X(0)) 



^aMO)!/,"?!/ - (5a/3(t) -5a/3(0))|/:?VX(t)(^p|^j. (6.2.39) 
We change the form of last expression: 



-~aa(3{t)y'^^*y{t) ^ 



n{t)l 



bji + 



6,,(l-||n(t)||) 



~a^p{0)y'^Tf ( j " ^^"''^^^ " «aMO))y,'^V>^(i) j • (6.2.40) 
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Define: 



«a/3(0)2/,'?Tf(p|^) - (a«M^) - ^"/3(0))^:^^>''(^)(p5)|)- (6.2.41) 
Then we have: 

-~a^p(t)y'^Vy{t) = + ^5- (6-2.42) 

Consequently: 

d,(a')bjk + Mf. + b,j + Mf. - a^p(t)yy(t) • (6-2.43) 



Denote: 



Hence: 



Therefore: 



Mj = Mj + Mj - ~a^f,{t)yy{t) [j^^ - (6-2-44) 



bijit) = diia'')bjk + bij + Mf.. (6.2.45) 



Then we have: 



A(6i,) = 9i(a'=)6,fe + Mj. (6.2.46) 

A(6n) = y9i(ai) + M^^, (6.2.47) 

A(622) = Vd^ia") + M2^2. (6.2.48) 

Hence the condition of preservation the product of principal curvatures takes the following 
form: 

A(^) = g{dM) + d2{a^)) + f (K + M',,) + ^^l^f (6.2.49) 

Using the formula (6.1.20) we obtain the equation of preservation the product of principal 
curvatures: 

9ia^ + aaa" + 2qka^ - 2*2 = IjiM^^ + M^) + ^W^^\ (6.2.50) 

20 



The solution of the Minkowski problem for open surfaces in Riemannian space. 



Then we have: 

dia^ + d2a^ + 2?fea'= = 2*2 + ^M^i + M^^) + ^^W^f . (6.2.51) 
We differentiate the equation (6.2.51) by t. Then we have: 

dia' + d2a^ + 2gfcd'- = 2^2 + hi^ti + M22) + TF^M''^ ■ (6.2.52) 

The equation takes the following form: 

dia^ + 820" + qt^a^ = (6.2.53) 

where = q^'h - Po{a\d^,did^). Pq has explicit form. Notice that q^^^ e c'm-s,^.^ ^ 
g^j^^ depend on t. 

Lemma 6.2.1. Let the following conditions hold: 

1) metric tensor in satisfies the conditions: 3Mq = const > such that \\aai3\\m,u < 

Mo, \\ddap\\m,u < Mo, \\d^d^(3\\m,u < Mo- 

2) 3to > such that (t) , dia^ (t) , d'' (t) , did'' (t) are continuous by t,yt e [0,to], a''{0) = 
0,dia''{0) = 0. 

3) 3to > such that a'{t) e C"'-^'" , dka'{t) e C™-^'^, Vt G [0,to]- 

Then > such that for all t e [0,t*) Pq G C"^~^''^ and the following inequality holds: 

||Po(a(l), ^(1)) — -fo(a(2)) '^(2))l|m-2,i/ < -^9(^)(||a(i) — d(2)l|m-l,i/ + 1 1 0(1) — 0t(2)l|m-l,i/), 

where for any e > there exists to > such that for all t G [0, to) the following inequality 
holds: Kg{t) < e. 

The proof follows from construction of function Pq and lemmas of §7 and §8. 
The equation (6.2.53) determines deformations of surface F preserving the product of 
principal curvatures with condition of G— deformation. 

6.2.1. The formulas of A(ir) and K{K). 

Consider the following formula: 

A(X) = ^(A(,)-^A(.))^ 

y^{d,a^ + 52a' + 2gfea'= - (2*2 + ^{M^, + M^) + ^^W^'^)), (6.2.54) 

6(t)=6 + A(6). (6.2.55) 

We have: 

/s:(t) = X + A(X). (6.2.56) 
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Therefore: 

b{t) = A(6), k{t) = A{K). (6.2.57) 

Then we obtain: 

MK) = + 92a' + 2q,a' - {2^, + i(M,\ + M^) + ))+ 

^(^id^ + d2a' + 2qkbl' - (2^2 + :^(Mii + M^) + ^W?))- (6-2.58) 



We finally obtain the following formula: 

Hk) = + ^2a' + 2q,a'^ - {2^, + i(M,^ + M^^^) + ^^^f ))+ 

^(^id^ + d2C? + d'^ - ^?^). (6.2.59) 



&(t) 

jT. Auxiliary estimations of norms. 



Denote: 



Lemma 7.1. it The following estimations hold: 

1) lkl|(^l,.<M5(||a||W^^+||c||(*)^J, 

2) Mt,. < MelkllW 

3) ||c||W < M,\\z\\^X^, 

4) \\^z\\^X^^ < M.M'^l^,^,, 

where constants M5, Me, M7, Mg are determined by surface F and do not depend on t. 
Proof of lemma follows from properties of norm in the space C^^'^ . 
Lemma 7.2. The following estimations hold: 

2) 

\\^{9^^) ll^^l. < Madkll W + lia.ll W + {\\z\\^X^f + \WX^\9z\\^X^ + (119^11 
3) \\W4^X^ < M4(max,, || A(<7.,)ll^^l,.)', 

where constants M2, M3, M4 are determined by surface F and do not depend on t. 
Proof of lemma follows from properties of norms in the space C^^'". 
Lemma 7.3. Let the following conditions hold: 

1) metric tensor of satisfies the conditions: 3Mo = const > 0, such that \\aai3\\m,u < 

Mo, \\dda/3\\m,u < Mq, \\d'^aa/3\\m,u < Mq. 

2) 3^0 > 0, such that c{t),c^i{t),a^{t),dia^{t) are continuous by t,yt e [0,to], c(0) = 
0, Ci(0) = 0, a*^(0) = 0, dia''{0) = 0. 

'3) 3to > 0, such that z'^{t) e C'^-'^'\z%t) e C"*-3.'^, Vt e [0,io]- 
Then \/e > 03to > such that 

1) <^,V^e[o,^o]■ 
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2) \\W2£Uu<e,yte[0,to]- 

3) \\^2\\^^-3,.<eyte[0,to]. 

Proof of lemma follows from the form of functions Wi, W2, ^2, properties of space C"*'*^ 
and previous lemmas. 

§8. Properties of functions W^i,VK2,^2- 
§8.1. Formula of function Wi. 

We have: 

m = M) - ^(o)i'^)5Vn/„ + 

~a^p{t)g'H^,i z^,^ +~ae,p{t)g'^z",^ z''„ . (8.1) 

Consider the formula: 

--dt) = ^i'- (8.2) 

Using (8.2) we obtain: 

^l-(^^^-^(0).Wn/.+ 



+ 



!8.2. Formula of function W2- 

W2 = A{gu)A{g22) + A{gn)H922) - 2A{gu)A{g,2). (8.4) 



A{g,j) = d^p{0)y^,i V*i^ + d^p{0)y^,j V^i" + Mt) - ^(0)i'^)y^, /„■ + 
^apitXy'^n z^,j +y'^,j z'^.i ) + {a^^{t) - dap{Q)){y'^,i Z^,j )+ 

aa/3(*)^"n Z^,j +dai3it)z'',i Z^ ,j +da^it)z'',i Z^ ,j . (8.5) 

Then we have: 
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z z 



Z^,j +aa^(t)i"n +aa/3(t);2"n ,j ■ (8-6) 



jS.S. The inequalities for norms of functions Vi/"i, ^2- 



Denote 

Lemma 8.3.1. The following estimations hold: 

l|V*^||W^,<M2i(||a;.||W^^ + ||^||W_J. 
5; ||V*i||il,<M22(||9i||il, + ||i||W_J. 

ll^llmi,j^(ll'^^llm,i,^) "I" ll'^^llmi,i/||'^^llmi,i^)- 

5; \m\^Xu < M24(max,, ||A(^7,,)II^^U(max,,, || A(^7,,)ll^^l,J. , 

Proof of lemma follows from the forms of functions Wi, W2, Wi, W2, properties of space 
(jmi,u previous lemmas. 

Lemma 8.3.2. Let the conditions of lemma 7.3. hold: 

1) metric tensor of satisfies the conditions: 3Mo = const > 0, such that \\aai3\\m,v < 

Mq, \\daai3\\m,u < Mq, || (9^00/3 || m,!/ < M). 

2) 3to > 0, such that c{t),c^i{t),a^{t),dia^{t) are continuous by t,\/t G [0,to]) c(0) = 
0,Ci(0) = 0,a*(0) = 0,a,a^(0) ='o. 

3) 3to > 0, such that z'^{t) e C'^-'^'" , z°[(t) e C^-^'", e [0,to]. 
Then \/e > 03to > 0, such that 

1) l|W^i|£U. <^,VtG [0,to]. 

3)\\^2tn-xu<eMe[QM- 

Proof of lemma follows from the form of functions PFi, W^2, properties of space 

(jmi,v ^j^j previous lemmas. 

§9. Decidability of boundary- value problem A. 

We have the following equation system of elliptic type: 

820} - dia^ + pktt'' = ^1, 
dia' + d2a^ + q^k^a'' = ¥^\ (9.1) 
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where we use (6.2.53). ^'2*'' = ^0'''*^ — -Po- Note that q^^^ do not depend on t. 
Without loss of generality we denote as and x"^ as x^. 
We write (9.1) as: 

d2d} + dia'' + qt^bl' = ¥^\ (9.2) 
Define: w = + ia^ , z = + ix"^ . 

Therefore we have boundary-value problem for generalized analytic functions. 

d^w + Aw + B^^ *o, Re{\w} = on dD, (9.3) 

where 

dzW = -iw^ + iWy), A = -{pi + q}^ + iqf^ - ips), 

B = \{pi- q? + tq? + tP2), ^0 = ^(^1 + ^^?^). (9.4) 
We change the form of obtained boundary- value problem (9.4). Consider the following: 

vi/(6) _ Jb). p _ 
^2 — ?0 C — io — 



( j dx^ + (~^''') '^^') + 'io^P{a\ a') - ^o- (9-5) 



''(O)'-^(O)'' 

Denote: 

4f,^qS'^P(a\a')-Po. (9.6) 

We define: if = ^{4/i + i^a). 

By (9.5), (9.6), the boundary- value problem (9.4) takes the form: 

d,w + Aw + BiJj + i^- J iva^jdx^ + iva^jdx'^ = 4/, (9.7) 

Re{Xw} — (f on dD. 
Therefore we have: 

dzW + Aw + Bw+ 



^ii^i^^V{x\ x'')dA dx' + ( ii^i^l^Vix\ x'')A dx'' = 4f, (9.8) 



(^(O)'^(O)) 



Re{\w} = ip on dD. 
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Using the formulas: a} = |(w + w), = ^{w — w), 

and denoting: Eq = i '^^ V{x^ ^iP') we obtain the following form of desired boundary- 

value problem: 

d^w + Aw + B^+ j + + (^(^-'^))^^^ = ^' (9-9) 



(^(0) '^(0) ) 



Re{Xw} ~ (fi on dD. 
We denote: 



E{w)^ j l^{w + ^)\dx^ +(^{^-w)\dx\ (9.10) 

Then we finally have the form of desired boundary-value problem: 

diW + Aw + Bw + E{w)^if, Re{\w}^ip an dD. (9.11) 

Let, along the OF, be given vector field tangent to F. We denote it by the following 
formula: 

v'^ = 1%. (9.12) 
We consider the boundary-value condition: 

dapz'^vl^ = 7(s, t), s e dD. (9.13) 

Define: — da^y'^kV^, k — 1,2. 
Then boundary condition takes the form: Re{{a^ + ia^)(Ai — iX2)} = 7 on dF. 



Denote: A, = j^^^^^f^, k^l,2.^= j^^;^,^- 

Then boundary-value condition takes the form: Re{Xw} — (f on dF, where |A| = 1. 
We analyze the decidability of the following boundary- value problem (A) : 

dgw + Aw + + E{w) = "if, Re{Xw} = ip on dD, (9.14) 

A = Ai + iX2, \X\ = 1, A, G C^-^'^idD). 

We use the fact that ^ = ^(w, z, t), E{w) = E{w, z,t), w = w{t), 
(f = (p{s, t),s e dD, X = X{s), s e dD. 

Let n be index of obtained boundary-value problem 

n= ;^Aai3argA(s). (9.15) 

ZTT 

Theorem 9.1. Let t be fixed. 
LetA{z),B{z),i!{z) e C"^-3,^(D), A(s),0 G C'^-'^'^{dD), \X{s) \ = 1. 
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Let *(0,2;) = 0, \\'if{wi,z) - "^{102, z)\\m-2,u < fJ^{p)\\wi - W2\\m-l,u, 
for \\Wi\\m-2,u < P: ||«'2 ||m-2,i/ < P, linip^o = 0. 

Then, assuming that t is fixed, the following holds: 

1) if n > then there exist p and e{p) > such that for \\^\\m-2,u < ^ the boundary-value 
problem has (2n + 1)— parametric solution of class C™^^''^(Z)) for any admissible (p. 

2) if n < then there exist p > and e{p) > such that for \\(p\\m-2,u < ^(p) the 
boundary-value problem has nor more than one solution of class C'^~'^'"{D) for any admissible 
(p. For (f = boundary-value problem with condition: ||w||m-2,i^ < P has only zero solution. 

Proof. Consider the following boundary- value problem {Aq): 

d^w + Aw + B^h = "i/ , Re{Xw} = (p on dD, (9.16) 
|A| = l,pe C^-^^^idD), ^ e C™-3.^(L)). 

Consider the operator: 

/(xi/, z)^~j I {n,{z, 0^(0 + n2{z, oWmd^, c = ^ + iv, (9.i7) 

D 

where Qi, ^2 are principal kernels of the equation dzW + A{z)w + B{z)w — 0. 
It is well known [17,18] that operator 7(^,2;) takes the form: 

I(if, z) = r(^) -^11 {K,{z, C)*(C) + Mz, oWMdri, C^^ + iv, (9.18) 

D 

T(^) = -- / / ^d^dv, (9.19) 

77 J J L — Z 
D ^ 

where operator T(^) is completely continuous [17,18]. 
Consider the operator: 

A{^, z) = /(*, z) + J Re{X{s)I{^, s)}Mo{z, s)ds, (9.20) 

dD 

where Mq{z, s) is kernel of boundary- value problem (do not depend on (p) 

d^w + A{z)w + B{z)^ = 0, Re{X{s)w{s)} = <p,se dD. (9.21) 
Consider the operator 

A2{w) = Ai{w) - A{^{w, z)). (9.22) 

According to the results from [20], theorem 9.1. is valid for problem (^o)- For the case 
n> problem {Aq) is solved as: 

» 2n+l 

w^A2{w)+ / p{s)Mo{z,s)ds+ ^ CiWi. (9.23) 

dD 

27 



Andrei I. Bodrenko. 



Therefore for the case n > problem {A) is solved as: 

. 2n+l 

w^A2{w)+ I ^{s)Mo{z,s)ds+ CiWi + A2{E{w)). (9.24) 

dD 

Then for this equation we use theory of Fredholm operator of index zero and theory of 
Volterra operator equation. Therefore we can solve (9.24) by the method of successive 
approximations. 

For the case n < we solve the problem (Aq) as equation system consisting of —2n 
equations: 

w = A2(w) + j (p{s)Mo{z, s)ds, (9.25) 

dD 

J {(p{s) + Re{X{s)I{4f, s)})w'j{s)X{s)ds = 0, j = 1, -2n - 1, 

dD 

where w'j are complete system of solutions of the following problem: 

d,w' - A{z)w' - B{z)w = 0, Re{X{z)^^w'{z)} = on dD 

Then for the case n < we solve the problem (^4) as equation system consisting of —2n 
equations: 

w^A2{w) + j ip{s)Mo{z,s)ds + A2{E{w)), (9.26) 

dD 

j {ip{s) + Re{X(s)I{-^, s)})w'j{s)X{s)ds = 0, j = 1, -2n - 1, 

dD 

where Wj are complete system of solutions of the following problem: 

d,w' -A{z)w' -B{z)w ^0, Re{X{z)^^w'{z)}^0 on OD 

Then for this equation system we use theory of Fredholm operator of index zero and theory 
of Volterra operator equation. 

By modifying standard method from [20], using the method of successive approximations 
and principle of contractive mapping, we obtain the proof theorem 9.1. for boundary- value 
problem (A). 

Theorem 9.2. Let F e C""'^ i/ e (0; 1), m > 4, e C"'+i'''. 
Then the following holds: 

1) if n > then there exists to > and exists £(to) > such that for \\<f\\m-2,u < £ 
boundary-value problem (A) for all t e [0, to) ho-s (2n + 1)— parametric solution of class 
(-ym-2,iy ^-Q-j (continuous by t G [0,to) for any admissible (p. 

2) if n < then exists to > and exists e{to) > such that for \\^\\m-2,i/ ^ ^(^o) 
boundary-value problem (A) for allt G [0, to) has nor more than one solution of class C'^'^(D) 
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continuous by t E [0, to) for any admissible ip. For (f = the boundary-value problem has 
only zero solution. 

Proof follows from theorem 9.1., form of function ^ and the fact that for all sufficiently 
small t the conditions of theorem 9.1 hold. 

§10. Proof of theorem 1. 

Proof of theorem 1 follows from theorem 9.2., formulas of MG— deformation and formulas of 
finding function c on functions . Using the condition of theorem 1: at the point (a^(o); ^^^q^) 
of the domain D, the following condition holds: \/t : a'(i) = 0, c{t) = 0. Therefore in case 
1) n > boundary- value problem (A) has (2n — 1)— parametric solution. Using similar 
reasonings we prove theorem 1 for the cases 2) and 3). 
The theorem 1 is proved. 
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